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ASYMPTOTTIC EXPANSIONS IN THE PROBLEM
QF ThE LENGTH OF THE LONGEST HEAD~RUN
FOR MARKCV CHAIN WITH TwWQ STATES

8, YU, NOVAK

(abridged version)

Let {Ei,ike} be a homogeneous Markov chain with
states {0;1} , transition probabilities P11=* ., Ppp=f
B<acl, <1 , and initial distribution W(€o=1)=p . We set

n. = max{ksn: max 1{&

=L =1 = 1) (@)
n osizn-k itk

i+17 -
Random variable 7y is known in literature as the length of
the longest head-run.

V.L.Goncharov [1] proved that in the case of Bernoulli
scheme we have: for any Jja&

Pen ~llog nl<j> = oxpl—C1—onal CHOE D5 4 g Crsad

where log 1s lo base (70 , [(x) g lhe integer pari of x ,

{3 == xd

Analogous results for more general situations were ob-
tained in [2-7]. Assertions of LIL type were found in
[4,5,8-13]. Moivre [14] seems to be the first who suggested
to study the distribution of the length of the longest head-
run.

The purpose of this article is to find asymptotic
expansions in the limit theorem for the distribution of r.v.

T?n .



& 1., Main theoram.

Let p=(1-a) (1-f3) /a(2-a-2) and
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where
N [~ ) . N ,
i = i(i-1)... (i-d+1)
(d=1) , (1.2)
(&) C—cld
i =1 5 i =0

functions T , Q@ , h are defined by formulae (2.7), (2.186),
(2.12)

Note that Y,(k,#) , as a function of the {first
argument, is a polinomial of degree i ; it is a polinomial
of degree 2i as a function of the second argument.

Theorem 1. For any m e f ther e exigls conslant

Cmaﬂ(.'m., o, 2, p3  such thal for 'n.ACm Lthere holds
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sup | PCp, ~llog nl < jO - e £ n Y, (ka2 |
'”"0'.&'.].{'"0') d. m ey

< cmgn"’zn o™ (1.3)

J-<Llog MY

where Kk . =j+llog nl , ¢_,=ra

Corollary, For nso we have

sup | PCp, ~flog n) < j2 =
-0 § < oo
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- @ Ci+gp C1-¢ On  log n> | = Oy 2 (1.4)

Note that the first and the second terms of the
expansion both do not depend on the initial distribution of
the chain.

& 2. Somw auxiliary roesults

In the sequel letters C , ¢ (with indexes or without)
denote constants which depend on m and chain parameters

only.
Teorem &. There exisl constanls g« and C<w such
that
N . -n—1 “ T
::g | U:‘(nn\h) A(tGJLO = Cg (2.1)
where
A(t) = -V@&®) /U ()
V(t) = V(t,k) = 1 - (a#3-1)t -
- (po+ (1-p) (1-3)) o 1tK 4 plawp-1)olektl

UGt) = U(t,k) = W(t) + (l-a) (1-p)ol 1gktl
W(t) = (1-t) (1- (etf-1)t) |

tcEt CR2 1 a rool of UCL, k) wilh minitmal modulus,
» & “

In the case of Bernoulli B(«) scheme we have gq=a and
c= (2+a(1+a)) / (1-a) (1-02)

Lemma 1. For k=1 we have

(o)
F(k,t) = £ P(nn<k)tn = V(t)/U(t) (2.2)
n=o

where n,= 0 .

Denote # = (o4f3-1)/(2-a-3) , & = 1-p/v-(1-p)/(1l-c) ,
p = (at+p3-1) /(1-a) (1-13) , HiEO (i<9) ,

H, = H, (k) = (2.6)
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_.[i/21 i-23 . oz J
=271 e, ezt 23[(k+2a)2-4<k—1)n] (i2@)
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We put
3
J=o
where qo:1 i qlzé—n . qzzpap—né- . qsz—apap )
Lemma 2. For all k large enough we have
o v
A(l1+u)= £ Tiul (2.8)
i=o
where u = u(k) = to(k)—l ]
Note that
| HyGo | = (2]« | 700 | s ok (2.9)
We define polinomials Pi(') by the equalities Po = 0 ,
m
Pm = Pm(k) S j§1Gj(k)bm‘j'j(k) (k2m=1)
14 51
where Gj(k) = j§06k+1u and
b, . =b, .(k) = b P,"..."P, (tz0 , j=21)
SN AT 14,41 =1 1 Ly
J
Let v = v(k) = ?ak ;
Lemma 2. For any mal Lthere exigl constlanls Cm. 5 km
such thati for kam we have
—1 ,
u’v — Piv!' = c:m(’kv)m (2.10)
L=0

We introduce functions {ﬁi,iEG} by the equalities

= P.l (0=izm) ,
P,v = u/v- % v
i izo i



We put also

b = b f’- Ec .. %
Bdem Ty aei,m tiig i
nax i =m
Note that
L (»)
b, 5 = b h@Ge, 1) /) (121, 321) (2.11)

3 1= 1
where h(»,2)sh(»,2,k) is a polinomial ( as function of k )
defined by the equalities h(0,0) = 1, h(0,t) = @ (iz1) ,

h(+,l)=h(»,1,k) = b = (v!/z1)
1sM<w»” (y,z2)<A(»,l,M)

z, Zpy
{P_ (k)) ...(P_ (k)) (Lzp21) (2.12)
Y1 yM
Here w'=min{»;v2Li} ; vy = {Yl,---,yn} y 2z = {zl,.--.ZM} ;
z! = zl!...zM! -
. ) M M
A(v,1 M) = {(y,z): 1$y1<...<yM H min ziZI ,iiﬁi:v ;iigizi:l}
Similarly
4
I 61 )
bt,j,m =S hm(v,l)/v! : (2.13)

g

where hm(O,Q) s [ definition of hm(V,l) differs from that
one of h(»,1) by using Pi instead of Pi and A(»,1,M,m) ins-
tead of A(»,l,M) , where

AG,1,M,m) = { (y,z2)e A(». 1 ,M) : max yy = m}
1<i<M

Note that hm(v,l) = h(»,l) as ikm and
b, 00 | = 2" (e ot (2.14)

|b &) | = 2"m+1) I e k) (2. 15)

t,i,m
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Lemma 4. Letl & (i2 = b rcd) . Then for J20 we have
r=0
g0 = it cgags = 6P 0 M2 g
Corollary.
i
.‘:>d<'1.) = d '23 def(J“f" Cd=1n
J=1
- , _ o ] . ..
<1.+I)$d(.’z,-1) = (d+23(d+1 Sd+1( T2 Cizdn
@ LI = B L o :
G L2 B L2 + dsd—ICI", Caztn
Lomma 5. Lel coefficienls rj('i} be defined by the
egualily
T i—
Ca+tldo, .. oln+id = £ r Cidon® J .
J=o
and let
¢ =1, Q. , = s 1,1 r >t
o, d Yy, d 12 Ty

fal <1, +I<. .. lJ.<d+j

for {Sj<cd . If dz1 then we have

d~f
.'L"ci('l...} — .% Q_)',d :>J.+d(l)
J=e

There follows from lemmas 4,5 that

d .
r (i3 = £ @ Cpag TR CA=0 (2.16)
3 Jra
J=o
. ~f .
; &= 2 = e = ' ») < 9ol
where @, =1 , @, =0 Cdzi> , Q. ., = (j+d éj-i,d C1syedD.
Lemma 6. Lel a,ve?Z ; v20 . Then
Cud Yoon Ceerd CAD
A =S C‘: a YT —ad (2.17)
)\=O

& 3., Proof of the main result.



o

We define Y = Yi m(k,¢) by using hm(v,l) instead

i,m

of h(»»,1) in formula (1.1) . In the sequel ¢ = nv .

where

Lemma 7. For all k large encugh we have

o s
Acy D¢ 2 T s Tty

o o s . On T, (3. 1)
=

Loemma 8. Lel w = max({;¢’ . Then
’ . P me .
|yi’m| < Cey " ln n2 (3.6)
Let k¢n> = log n — log In n™ (tog is to base 1/a)

Lemma O. If m>f , then for all n large encugh we Aave

n—1

oup | PCn k> - o % 'z nTty, <@ Ccolir:s (3.8)
ReZ - =0
E m—{ \ w ]
+ 2 sup e i Sn"|~}/.| + sup P 4 Zn"l)’. | ,
RZRCAD i=o b Rk i=m hid
g<1
Let
n. = max{ksn: max 1{f;=...=Zf, =1} = 1}
s +k-1
n osi<n-k i i+k-1

It is easy to see that assertion (1.3) holds if we define Yi

w 3 .

using T, instead of T, , where T, = % q Hi-j » 9571,

~

ql-

j=o °

1- %+ 8- p/(1-2) (1-R) , ap=(l-%)p - = + =B/ (1-0) (1-p) ,

;3 = -%p , f}= oa(pti-1)/(1-a) (1-13)

& 4. Remark on the rate of convergence.
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& 4. Remark on the rate of convergences,

Let {Xnnﬁl} be a Markov chain with state space § =

{0,1,...,m} , transition probabilities P ; and initial di-
stribution p . We define r.v. Ty by equality (@) , where
&i = 1{Xi%A} , A= {1,...,m}
Let EN be a maximal eigenvalue of +the matrix

U:”Pij”ij%A . We introduce r.v. ¢ with distribution

) e . ) .2 - Iy i—2_ P

F(r=1) = p,, ., PFE=1) = Poal™ “Pag (iz2)
where EQA = NPl jen BAo = llpjolljepa - We suppose that

there is only one class @ of essential states, which has no
cyclic subclasses; Am@x® ; @<xi<l ; corresponding right
eigenvector z of matrix U is positive: zj>0 (1=3%m)

Theorem 3. Lel alk2=PCEskD and

ACn, k2 = | WCnh<hﬁ = expC ~nad kI AME D | (4.1)
Then sup An, k2 = Kn Cln n? 2 oas  neaew
15kin

Let Ty be the i-th zeroc in the sequence {Xnnkl} and
let Ci:Ti_Ti_l . Then

n, = max { DT, () ;1ﬂTgﬁ(n) Ci—l } (4.2)

where »(n) = max{i: Tiﬁn } .The proof is based on the fact

that W(nn<k) 2 M(l—a(k))p(n’k) , where v{n, k) =
r

max{r: £ E}k)ﬂn }, r.v.’s Cﬁk) are 1independent and have
J=1

the distribution u*-cz;;.-k):i) = P =i =k
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