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Abstract. This paper suggests a simple method of deriving nonparametric lower bounds of the
accuracy of statistical inference on heavy-tailed distributions. We present lower bounds of the mean
squared error of the tail index, the tail constant, and extreme quantiles estimators. The results show
that the normalizing sequences of robust estimators must depend in a specific way on the tail index
and the tail constant.

Key words. lower bounds, heavy-tailed distribution

DOI. 10.1137/S0040585X97986710

1. Introduction. Heavy-tailed distributions naturally appear in finance, mete-
orology, hydrology, teletraffic engineering, etc. (see [10], [20]). In particular, it is
widely observed that frequent financial data often exhibit heavy tails [5], [10], [15].

The distribution of a random variable (r.v.) X is said to have a heavy right tail if

(1) P(X zz)=L(x)z™"  (z>0),

where a > 0 and the (unknown) function L is slowly varying at infinity:

im 20D 1 (s 0),

T—00 L(z)

We denote by H the class of distributions with a heavy right tail.

The number « in (1) is called the tail indez. It is the main characteristic describing
the tail of a distribution. If L(z) = C' + o(1), then C' is called the tail constant.

The problem of tail index estimation turned out to be a challenge; it has attracted
the attention of researchers for decades (see [10], [18], [20], and references therein).
Consistency and asymptotic normality have been established for a number of tail
index estimators (see [10], [18]). However, the problem of establishing a lower bound
of the mean squared error (MSE) of a tail index estimator remained open.

The famous Fréchet—-Rao—Cramér inequality gives a lower bound of MSE of an
estimator in a regular parametric case; lower bounds are known also for parametric
families with certain irregularities [14], [21].

Note that H is a nonparametric class of distributions. It is typical of nonpara-
metric estimation problems that estimators are functions of a tuning (nuisance) pa-
rameter; cf. (15). This makes estimation far from straightforward.

The first step towards establishing a lower bound of the accuracy of tail index
estimation was made by Hall and Welsh [8], who proved the following result. Let
D (v, Co, €,b) be the class of distributions on (0; co) with densities

(2) flz) = C’amf"*l(l +r(x)),
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where sup, - |r(z)|z?* < A, |a—ag| £ €, |C—Cy| < e. Denote by @, = @n (X1, ..., Xn)
an arbitrary tail index estimator, where X, X1,..., X,, are independent and identi-
cally distributed (i.i.d.) random variables, and let {z,} be a sequence of positive
numbers. If

(3) lim sup Pr(la, —al > 2,) =0 (VA > 0)

n—oo FEDA
for some g >0, Cy >0, b> 0, € > 0, then
2, > b/ (20+D)

(to be precise, Hall and Welsh dealt with the r.v.’s Y; = 1/X;, where X are distributed
according to (2)). Beirlant, Bouquiaux, and Werker [1] established a similar result for
a larger class P of distributions but required the estimators to be Op(1) uniformly
over P.

A related result was established by Pfanzagl [19]. Let Dj be the class of distribu-
tions with densities (2) such that sup,- |r(z)|z*® < 0o, @ > 0. Denote

Sn(C, PO) = PSL;)p |Ctp - aPo|7
EPn,c

where ap is the tail index of a distribution P, P, . = {P € Dy: dyv(P§; P™) < ¢} is
a neighborhood of Py € Dy, and dv is the total variation distance. Pfanzagl showed
that neither estimator can converge to ap uniformly in P, . with the rate better than
sn(c, Py), and

inf ¢20/(420) Jim inf n®/ (420 (¢, Py) > 0.
0<c<1 n—00

Donoho and Liu [3] present a lower bound of the accuracy of tail index estimation
in terms of a modulus of continuity A 4(n, €); however, they do not calculate A 4(n, €);
the claim that a particular heavy-tailed distribution is stochastically dominant over
all heavy-tailed distributions with the same tail index is stated without a proof.

Drees [4] derives the asymptotic minimax risk for affine estimators of the tail index
and indicates an approach to numerical computation of the asymptotic minimax risk
for nonaffine estimators.

Hall and Welsh [8] showed also that z, > (logn)n=%(*+1) if &,, — « is replaced
with C,, — C in (3), where C is the tail constant and C, is an arbitrary tail constant
estimator.

Among nonparametric families of heavy-tailed distributions considered in the lit-
erature, we should mention the class

(4) Haped = {P: P(X 2 z) = cz/ (1 +de /(1 4 0(1))) }

of distributions on (1;00), where a = 1/a > 0, b > 0, ¢ = ¢(a) > 0, d = d(a,b) # 0
(see [17], [18]).

A few other classes and the comparison of Hill’'s and the ratio estimators of the
tail index can be found in [18]. The parametric Pareto family

(5) PX2z)=z"1" (21, a>0)
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can be considered a “limiting point” of Hgp.1,4, as the second index, b, tends to
infinity. Note that

(6) E(“:L_1)2::L, (“’*l_1>\/ﬁ S N(O:1) (n— o)

a a

in the case of i.i.d. observations over the Pareto distribution (5), where a}; =n~* 3", log X;.

This paper suggests a simple approach to establishing minimax lower bounds to
the MSE. The method is based on Lemma 1, which is presented in section 3.

In the next section we apply the approach to the problems of statistical inference
on heavy-tailed distributions and derive nonparametric lower bounds of the accuracy
of tail index, tail constant, and extreme quantiles estimation. Lower bounds of the
MSE of tail index and extreme quantile estimators seem to be established for the first
time.

The bounds are higher for smaller « indicating that the estimation problem be-
comes harder for distributions with heavier tails. The results reveal that normalizing
sequences of estimators depend in a specific way on the tail index and the tail constant.
Proofs are presented in section 3.

2. Lower bounds. The traditional method of establishing nonparametric lower
bounds advocates choosing “as many functions as possible which are distant from one
another by no less than (a small quantity) § > 0” [12], [13], [9].

Another approach is based on constructing two “close” distribution functions
(d.f’s) Fy, Fy [6], [8], [22].

We show that the latter approach is capable of producing minimax lower bounds
to the MSEs of estimators of the tail index, the tail constant, and extreme quantiles.

It is well observed that the accuracy of estimation in the case of a nonparametric
class of distributions is typically worse than in the regular parametric case. The
accuracy of estimation depends on the degree of “richness” of a class of possible
distributions: the richer the class, the harder the problem of choosing between close
alternatives, and hence the lower the accuracy of estimation. For instance, in the case
of the nonparametric density estimation problem, a researcher may deal with a class
of distributions obeying a certain smoothing condition; the smoother the densities,
the better the accuracy of estimation [12], while the rate of decay of the MSE can be
arbitrarily poor if no restrictions are specified [2].

Similarly, the class H of heavy-tailed distributions appears too “rich” for mean-
ingful inference. In what follows we deal with the nonparametric class

(7) H(b) = {P cH: sw e lar P(X 2 o) — 1]zt < oo}
xT> Kk

of distributions on (0; 00), where b > 0, K, (P) denotes the left end-point of a distri-
bution, o, = «, is the tail index, and ¢, = ¢, is the tail constant. If P € H(b),
then

P(X 2 1) =z~ (14 O(z~"r)) (x — o0).

The problem of tail index estimation is equivalent to that of estimating « from a
sample of i.i.d. nonnegative r.v.’s with the distribution

(8) Fly) =P(Y <y)=y*y) (y>0),
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where function ¢ slowly varies at the origin. Denote by F the class of distributions
obeying (8). Then o = a is a functional of F:

. log F(y)
9 = lim ——=~.
( ) aF y1¢0 10gy

If 4(y) tends to a constant (say, c¢,) as y | 0, then the tail constant ¢, is also a
functional of F:

= 1 _aF
¢y = limy ™" F(y).
Note that £(Y) € F if and only if £(1/Y) € H. The tradition of dealing with
this equivalent problem stems from [7].

A counterpart to H(b) is the following nonparametric class of distribution func-
tions on (0;00):

(10) F(b) = {F cF: <S;1[2F) |c;1y7°‘F F(y) — 1|y7b°‘F < OO},
Y<K+

where b is a positive number and K*(F) is the right end-point of F. A distribution
function (d.f.) F' € F(b) obeys

F(y) =c.y®r (1+0(@y™r))  (y—0).

A counterpart to the Pareto family is {F, }4>0, where F,(y) = y'/*, 0 <y < 1. More
general is the parametric family {F, ., a >0, 0 < ¢ < 1}, where

(11) Faoly) = (y)& 0<y<o).

C

If Y7,...,Y, is a sample of independent r.v.’s distributed according to (11), then the
maximum likelihood estimator

1 RN
anza—*zlog(%aicn)—n 1ZIOgY¢
" = i=1

has the MSE E (a}/a — 1)> = n~!. Since the nonparametric class F(b) is much
“richer,” the rate of the accuracy of minimax estimation in JF(b) is worse than n~=1.

Denote
r=>/(1+2b).

When we deal with a d.f. F;, we put o; =, a; = 1/a;; E; means the expectation
with respect to Fj.
THEOREM 1. For any a > 0 and ¢ > 0 there exist d.f.’s Fy, F1 € F(b) such that

Qp = Q,cp =, and for any tail index estimator &, and estimator a, of indez a,
a 2 8\t
(12) max o'/bc” E;/2 — 1) =2(—=) =,
ie{o;1} Fi Fi o ne 2

2

~ 2 r

8r t
13 e g2 4 _q) > ()
(13) ig%g;)l{}aﬂ Cr; i a,, ~ \ne 2

i
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as n > 4max{a?c 2 c*a /%Y where

4 " T
tn, = (1 — (> ™ "" max (¢"Fi v 1))6_1/(4”).

n 1€{0;1}

According to (12), for any estimator &, there exists a d.f. F' € F(b) such that

~ 2 s
(14) E}/’ <°‘” - 1) > ;(8’") a"Pe " (1+ o(1)).

oL ne

The smaller «, is, the heavier is the tail and the higher is the lower bound of
E;/ *(@p /o, —1)% Theorem 1 provides a background for the common opinion that
inference on distributions with heavier tails is more difficult.

The important feature of the result is the dependence of the lower bound on
o, and c¢,. One can say that the bounds are “nonuniform.” Inequalities (12)—(14)
indicate that the natural normalizing sequence for a,,/a, — 1 is

nfragr/bc;'r

(cf. (6), noting that r — 1/2 and r/b — 0 as b — o0). Moreover, a “uniform” lower
bound would be meaningless: for any estimator &,

~ 2
sup E, <an_1> n" — oo (n — 00).
FcF(b) Qp

Apparently, b often equals 1 (as in the case of the Fréchet distribution) or 2 (as in
the case of the Cauchy distribution); see [8], [10]. Hence the typical rates of estimation

of the tail index are n=/3 and n=2/5.
Denote by
" log(X;/x)1{X; = N 1
(15) agE (CU) — Zz:l OE( /.’13) { = .’13}7 Ol;:E(ZL‘) — =
Yo X 2 2} a¥® (z)

the ratio estimators (RE) of the tail index « and index a = 1/a. The ratio estimator
seems to be the only tail index estimator for which the asymptotics of the MSE is
known:

(16) E (aﬁE(m) - 1> —o(z), E (aﬁE(m) - 1)2 ~ nﬂ% +0%(2)

a a

in the case of i.i.d. heavy-tailed r.v.’s, where

(17) o(2) :a—lE{log (f) ’sz} 1

(see [16], [18]). The ratio estimator was introduced by Goldie and Smith [11] (see [8],
[11], [18] concerning estimators of the tail constant). For the ratio estimator GEE(x,,)
with threshold z = x,, ~ (n/8ra?c*)"/*® we have

~ 2
—r/br iz Gno N —r/(2b), —r
(18) igg;)lc} a,"vc, Byl <aFv 1 (8r) n (n — o0),

i
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where F; is the d.f. of £;(1/Y). The right-hand side of (18) differs from that of (13)
only by the factor of e /v/2r.

Let ¢,, denote an arbitrary tail constant estimator. The following theorem presents
a lower bound of the MSE of a tail constant estimator.

THEOREM 2. For any a > 0 and ¢ > 0 there exist distribution functions Fy, F1 €
F(b) such that o, = a, ¢, =c™ %, and

~ 2 T
8r
19 max t;,a”/bc BV (S 1) > q =
(19) ie{gﬁ(} Oy Cpy i Cp, - 2b(ogn) ne

for all large enough n, where max;co.13 [ti,n — 1| = 0 as n — co.

We now present a lower bound of the accuracy of extreme quantiles estimation.
We call a quantile “extreme” if the level g, — 0 as n grows. Of course, there is an
infinite variety of possible rates of decay of g,,. Theorem 3 presents lower bounds in the
case ¢y, = n~ Y/ (1+20) More specifically, we deal with quantile levels ¢,, = vn~/(1+20)
where v is bounded away from 0.

We denote by

yi = yi(an) = F; Nqn)

the quantile of level g,. Equivalently, 1/y; is the upper quantile of £;(1/Y). In
financial applications (see, e.g., [18] and references therein) the level as high as 0.05
can be considered extreme as the empirical quantile estimator of level ¢ < 0.05 appears
unreliable.

THEOREM 3. Let 3, be an arbitrary estimator of the level q, quantile. For any
a>0,c>0, and v < (8a?rc=220)"/ there exist distribution functions Fo, Fy € F(b)

—Q

such that o, =, ¢, =%,

~ 2
r/b r — Yn 1
0 s kool g B (B 1) 2 ]

for all large enough n, where w; = v/ (87‘@?0%’)_”(&”) and max;eo;1y |kin—1] = 0
as n — oo. Inequality (20) holds if Yn/y; — 1 in the left-hand side is replaced by
yl/@\n -1

The smaller v is, the lower is ¢,, and hence the harder is the estimation problem.
Inequality (20) supports this point: |logw;| grows as v decreases, lifting the lower
bound.

Note that 1/7,, is an estimator of the upper quantile of level g, of £L(1/Y).

3. Proofs. Given a family P of distributions, Lemma 1 refers to a general
problem of estimating a functional ap of an unknown distribution P € P from a
sample X1,..., X, of i.i.d. r.v.’s.

We assume that the functional ap is an element of a metric space (X,d). An
estimator @ of ap is a measurable function of X1,..., X, taking values in a subspace
{ap: Pe P} C X.

Given two distributions {Py, P} € P, we put

a; =ap,, 20 =d(aop;a1),

and E; = Ep, is the mathematical expectation with respect to P;. Let R denote a
loss function, and let d,, (Py; P1) denote the Hellinger distance.
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LEMMA 1. If function RY? is convez, then for any estimator @

21 E,R(d(@: a;)) > 1—d2)™.
(21) Jnax. iR(d(@;a:)) 2 R(6) (1 —d2)

In particular, for a quadratic loss function we have

(22) max E/2d*(@a;) 25 (1-d>)".

See [9], [13], [22], and references therein concerning the literature on minimax
lower bounds.
Proof of Lemma 1. We may assume that a; # ap. Denote

and recall that
1
&pir) =5 [(B2 =577 =1~ [ Vi,

where f; is a density of P; with respect to a certain measure (e.g., Py + P1). Let fi
denote the density of £;(X1,...,X,). By the triangle inequality,

d(ap;a) n d(a;aq)

0
2 2

A

Since function R'/? is convex, R'/2(§) < RY2(d(a;a0))/2 + R'/?(d(a1;@))/2. There-
fore,

2RY2(5)(1 - d?)" < / RY?(d(@; a0))v/fon/Frn + / RY?(d(a1;@))/fonr/ fin-

This and the Cauchy—Bunyakovskiy inequality entail
2RY2(8)(1 — d?)" < Ey/*R(d(@; a)) + E*R(d(d;a1)) < 2EL/?,

yielding (21). The proof of Lemma 1 is complete.

Our approach to establishing lower bounds involves two distributions Py and Pj,
where Py is a Pareto distribution and P, = P; ,, is a “disturbed” version of F.

We then apply Lemma 1 that provides a nonasymptotic lower bound of the ac-
curacy of estimation when choosing between the two close alternatives.

Proof of Theorem 1. Given an arbitrary a > 0 and ¢ > 0, we deal with
distribution functions Fj and Fi, where

R - (4) 1o<yza,
mo) = (%) (4) wo<ysn+ () wn<yza

Cc

a1 > a, h € (0;¢). It is easy to see that F; < Fy and

_ _ . —« _ —ap—y
(23) Qg =q, ap =ai, Ccr=c % cp=c “h7.
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Denote ap = a, and let
a; =a+7, v = hb,
Obviously, Fy € F(b). We now check that Fy € F(b). Since
cpy MRy =yh (h<y=Ze),
we have

(24) sup |1 —cply ™ Fi(y)ly "™ = sup (1—y "hY)y b,
0<y<c h<y<c

The function on the right-hand side of (24) assumes its maximum at yo = h(1 +
v/bay)7; it is bounded by e'/¢® /ba.
It is easy to check that

2 (Fo; Fy) = <h)a(1 Y 1+7/a) ~ Lt

c C1+49/(20) 8aZc>

as v — 0 and

1/r

2 . 2
(25) di (Fo; F1) = Solen”
Inequality (25) is typical for nonparametric estimation problems. A nonparamet-
ric class is usually so “rich” that one can find distributions {P;,t = 0} such that
d, (Po; P;) < ¢V, with v > 1, while in a regular parametric case d,, (Po; P) =< |¢|.
According to Lemma 1,

1/r \ ™
(26) iga}f} i (@) 2 2 ( A 2 8a2co

Maximizing the right-hand side of this inequality in -, we obtain

1/8 2 a\T —n—r
o 2 (2 (122)
ie{0;1} 2 n n

and the optimal choice of v is given by v = ~,, , where

(27) Yn = Yula,b,c) = m-

Note that h < c as n = 8a?rc™2%®. Tt is easy to check that a/a; = 1 — v/ay,
¥ =" < (4a%c®/n)", and " < 7 as ¢ > 1. Hence

a\* 2r 8r\" a4\
(28) () >1- 0 > 2r<) Al > 1 — () A A VA B
n n

a1 a1

Taking into account (23), we derive (12). Similarly (a; := 1/a;, a := ag),

Urg2\"  a 8r\" r\ """
E1/2 An_ lQZ% 1_77 :71 1-2r r/a| °" 1 7
(s By (@ —an)” 2 57 8cl/a 24\ ta ’
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leading to (13). The proof is complete.
Concerning (18), if the distribution function of 1/X is given by F;, i € {0;1}, it

is natural to choose
r b
. zlzv—a/bN n /(a)
"R " 8raZcn ’

Then v(z,) = 0 by (17), and (18) follows from (16).
Proof of Theorem 2. Denote ¢; := Cp, - With Fy and F; defined as above,

c”*v|log|

cp, —cp, = ¢ X (y7/@) 1) > s

Using this inequality and (22), we derive

1/r \"™
1/2 2 —a -1 7
lg‘%g’}l(} Ei (cn - Ci) Zc (2ab) 7| log 7| (1 - 8a20a> :

With v given by (27), we have

8r\" n
E1/2 An — ¢ 2 > a(r—1) 9 r/bb —1( °" 1 A
ig%g;)f} i (Gnma) Zre (2a777) ne 8 8razco

for all large enough n, and thus (19) follows.
Proof of Theorem 3. Denote

K= vl/a(SaZCaT)_T/(O‘b).
It is more convenient for us to deal with the equivalent problem of estimating

quantiles of the level

G = K*7L/" ~on TP,

where v = 7, is given by (27).
Note that g, = (kh)*. With functions Fy, F; defined as above, it is easy to see
that

1/
n

Yo =ckh =cq,/“ <h, y1= (cn)"‘/alh, ck < 1.

Using the fact that e® — 1 > ze*/? (z > 0), we derive

h v/
Y1 — yo = g/ <<c> - qz/‘a“1)>

— ((er) = — Ve > A1 +1/(@0) )1/ (2an) 108 KL
a1

This and (22) entail

N log ck| 'yl/r "
29  DRET )2 > |7 1/(ab) (1 )
(29) (max B Un — vi) 2y Sotca

With v = v,

1/2 Un 2 1 |logck| b 71/T "
max E;/°( = —-1) =2 — cryt T/ (1
i yi 209 S8a2co
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| log ck| 1—aja; r\ "
= 125 afeiy (142
20, () Y| L+

Using (27) and (28), we arrive at

(30)

~ 2 T
r n 1 8
max kinai/bcr Ei/z In g = — |logck| o
ie{0;1} Fi Yi 2 ne

for all large enough n. Note that

ok =v/® (80427“03,5; )_T/(ab).

Hence (20) follows from (30).

we have

Since

1

11/y1 — 1/y0| = |y1 — vol/(yoyn) = — | log ckl(cx) ~1H7/Gean)y1=1/ab,

1/2( Yi 2 > |10g C’{‘ v/(2a1) 71/7" "
‘max E; Z 1) = oy (ck) v 1- Sotea |

yielding the following counterpart to (20): in the assumptions of Theorem 3

2 T
/b w1/2( Yi 1 8r
max k; o cFiEZ- (A — 1> > §| log ck| ( ,

ie{0;1} Un, ne
and hence
2 r
(31) max_k; no/-"/bcr | log wi|_1E}/2 % —-1) = Lier
ie{o;1p ¢ Fi ' Un ~ 2\ ne

for all large enough n. This is a minimax lower bound of the MSE of an arbitrary
estimator 1/7, of the upper g,-quantile of the distributions £;(1/Y) € H(b). The
proof is complete.

2o U ~

U
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